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One metric result about analytic continuation of
some Dirichlet series.
I.S. Rezvyakova 1
We consider
f(s, θ) =
∏
p
(
1−
e2piiθp
ps
)−1
, Re s > 1, 0 ≤ θ ≤ 1,
where the product is taken over all prime numbers, i.e.
f(s, θ) =
+∞∑
n=1
an(θ)n
−s,
and for n = pα11 . . . p
αk
k
an(θ) = e
2pii(α1p1+...+αkpk)θ.
Theorem 1. For almost all θ, the function f(s, θ) has analytic contin-
uation to the half plane Re s > 1
2
, where it doesn’t vanish.
This theorem was proved by different authors. Here we give a proof
that is based on the estimates of special trigonometric sums.
Let Re s > 1. Then
ln f(s, θ) = −
∑
p
ln
(
1−
e2piiθp
ps
)
,
−
f ′(s, θ)
f(s, θ)
=
∑
p
+∞∑
m=1
e2piimθp ln p
pms
=
+∞∑
n=2
e2piiθnΛ(n)
ns
+
∑
p
∑
m≥2
e2piimθp ln p
pms
−
∑
p
∑
m≥2
e2piiθp
m
ln p
pms
,
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where Λ(n) — is von Mangoldt function. Note, that the last two series
define analytic functions for Re s > 12 . We show, that for almost all θ the
series
F (s, θ) =
+∞∑
n=2
e2piiθnΛ(n)
ns
defines analytic function on the half plane Re s > 12. It implies that
(ln f(s, θ))′ is analytic for Re s > 12 , which yields the desired result.
To show that F (s, θ) is analytic function for Re s > 1
2
, it is sufficient
to consider the sum
SN(θ) =
N∑
n=2
Λ(n)e2piiθn
and estimate it by |SN(θ)| ≪ε N
1
2
+ε for every ε > 0, where the constant
implied by the Vinogradov symbol ≪ε may depend on ε. Indeed, let
s = σ + it, σ > 1
2
+ 2ε. Then for N > 1, Abel’s partial summation
formula yields
N∑
n=2
Λ(n)e2piiθnn−s = −
N∫
1
Su(θ)d
1
us
+ SN(θ)N
−s
≪ |s|
N∫
1
u−1−σ+
1
2
+εdu+N−σ+
1
2
+ε < +∞,
which implies, that the series for F (s, θ) defines analytic function in the
region Re s > 12. To complete the proof of the theorem, we prove the
following lemma.
Lemma 1. Let
SN(θ) =
N∑
n=2
Λ(n)e2piiθn.
2
Then for almost all θ ∈ [0; 1] and every ε > 0 we have
|SN (θ)| ≪ε N
1
2 (lnN)
5
2
+ε.
The proof of Lemma 1 is based on
Lemma 2. (Erdo¨s - Ga´l - Koksma, see [1], p.154) Let F (M,N, θ) be
non-negative functions in Lp[0; 1] (p ≥ 1) for M,N = 0, 1, . . ., 0 ≤ θ ≤ 1
such that F (M, 0, θ) = 0 and
F (M,N, θ) ≤ F (M,N ′, θ) + F (M +N ′, N −N ′, θ)
for all M = 0, 1, . . . and all 0 ≤ N ′ ≤ N . Suppose further
1∫
0
F (M,N, θ)pdθ = O(g(N)),
uniformly in M = 0, 1, . . ., where g(N)/N is a non-decreasing function.
Then for arbitrary ε > 0
F (0, N, θ)p = O(g(N)(lnN)p+1+ε)
for almost all θ ∈ [0; 1].
Proof of lemma 1. Set
F (M,N, θ) =
∣∣∣∣∣
∑
M<n≤M+N
Λ(n)
lnn
e2piiθn
∣∣∣∣∣ if N ≥ 1
and
F (M, 0, θ) = 0.
The non-negative functions F (M,N, θ) ∈ L2[0; 1] satisfy conditions of
lemma 2. From the definition of F (M,N, θ) we find
1∫
0
F (M,N, θ)2dθ =
∑
M<n≤M+N
Λ2(n)
ln2 n
≤
∑
M<n≤M+N
1 = N.
3
According to lemma 2, for every ε > 0 and almost all θ ∈ [0; 1] we have∣∣∣∣∣
∑
2≤n≤N
Λ(n)
lnn
e2piiθn
∣∣∣∣∣≪ε N
1
2 (lnN)
3
2
+ε.
By Abel’s partial summation formula we find
SN(θ) =
∑
2≤n≤N
Λ(n)
lnn
e2piiθn lnn = −
N∫
1
C(u)d lnu+ C(N) lnN,
where
C(u) =
∑
1<n≤N
Λ(n)
lnn
e2piiθn.
Thus, for almost all θ ∈ [0; 1] we have
|SN(θ)| ≪ max
1≤u≤N
|C(u)| lnN ≪ N
1
2 (lnN)
5
2
+ε.
Obviously, once the estimate of Lemma 1 is proved for every ε > 0
and almost all θ, it is also valid for almost all θ and every ε > 0. This
completes the proof of lemma 1. 
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